

mailto:gui.f.arruda@gmail.com
http://crossmark.crossref.org/dialog/?doi=10.1088/1742-5468/abbcd4&domain=pdf&date_stamp=2020-10-28
https://doi.org/10.1088/1742-5468/abbcd4

Universality of eigenvector delocalization and the nature of the SIS phase transition in multiplex networks

with 1, and revealed an approximately linear relationship betweerp and
the di erence between the layerse average degrees. Furthermore, we showed that
this multiplex structural transition is intrinsically connected with the nature of

the SIS phase transition, allowing us to both understand and quantify the phe-
nomenon. As these results are related to the universal properties of the leading
eigenvector, we expect that our “ndings might be relevant to other dynamical
processes in complex networks.
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1. Introduction

Universality is at the core of physics [L, 2]. Universal properties do not change from one
system to another but represent an entire class of them. They allow us to go beyond
the observation of macro variables towards the understanding of the mechanisms that
trigger a given behavior. Another notable consequence of universality is that by under-
standing the behavior of one system, we are able to make conclusions about other
systems of the same class or governed by the same set of symmetries. Universality in
multilayer networks was “rstly explored in [ 3], where the eigenvector properties of the
corresponding adjacency matrix were shown to follow a simple scaling law. Comple-
mentarily, the spectral properties of multiplex networks have been recently explored
in [4..6]. In addition, de Arruda et al [7] reported a non-trivial relationship between
the eigenvalues of a relatively simple multiplex network composed of two layers. How-
ever, the analysis carried out in ] mainly focused on the eigenvalues and their bounds
rather than eigenvectors, which may provide alditional valuable information about the
network structure. Although here we focus on the analysis of the adjacency matrix in
multiplex networks, we must also remark that the spectral properties of the Laplacian
matrix were studied in [8..11] and were applied to the study of di usion processes in
[12]. From the dynamical viewpoint, the concept of layer-localization in multiplex net-
works was introduced in B]. That is, when a disease is on top of a multiplex network,
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it can be localized in one or a subset of layers. This phenomenon depends on the intra-
layer con“gurations and also on the coupling strength between layers. Moreover, it is
intrinsically linked to the localization properties of the eigenvectors of the network adja-
cency matrix, commonly measured by the invese participation ratio (IPR). Although
this phenomenon was well-characterized ing], the mechanism driving it was not fully
understood. In more technical words, the leading eigenvector of a multiplex network
can be in one of two di erent regimes as a function of the coupling parameter between
layers: layer-localized regime and delocalized regime. However, the precise de“nition
of the structural transition between those regimes, to the best of our knowledge, is still
lacking in the literature. Therefore, here wepropose a de“nition for the transition point
between layer-localization to delocalization, showing that it can be used to collapse the
IPR curves in a wide range of network con“gurations. This collapsing also reveals the
universality of the transition. Finally, as an application, we analyze the disease spread-
ing on multiplex networks, providing a dynamical condition for the layer-localization to
the delocalization phase transition.

2. Universality of eigenvector delocalization

In its more general form, multiplex networks are composed bym layers [13..16]. Each
layer has at mostn nodes which might have a counterpart in the other layers. Here, we
restrict to 2-layer multiplex networks (i.e. m = 2) where each layer hasn nodes and each
node has a counterpart on the other layer. Formally, these networks can be represented
by the adjacency matrix A whose eigenvalue problem is given as

Ar pl vy _  vp _ _

ol A, vo = vy T v = Av, (1)
where A, are the individual adjacency matrices, vy, are the respective sub-vector
components,p is the coupling weight, and v = 1. Furthermore, we focus on the case
where there is layer dominance §, 17], i.e. 1 2, where ; and , are the leading
eigenvalues of the individual layers. As a consequence, the components of the leading
eigenvector ofA ; should be relatively small, i.e. {,); 0. This can be easily seen using
perturbation theory, see e.g. 17].

In network theory [18..22], the IPR is commonly used to characterize the localization
features of a network p, 24, 25]. It is de“ned as

N
IPR(v) = v (2)
i
It is instructive to recall the IPR( v) behavior in single-layer networks. If the leading
eigenvector is fully delocalized, IPR{¢) N =%, which is the case of ER networks above
the percolation transition. On the other hand, if IPR(v) N°® ,with < 1, then some
form of localization is present, which is the case of power-law (PL) networksP (k)  k* |

where IPR(V) N SCS ), as demonstrated in R3. While, in the localized regime the
leading eigenvector is concentrated in one or a “nite number of nodes and IPRY()
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Figure 1. (a) Contribution of the dominating and non-dominating network layers

to the IPR as a function of p for several 2-layer network con“gurations con-
sidering Erdos...BRhyi (ER) and power-law (PL) layers. In (b), we present an
example, where the layer-localized and delocalized regimes are characterized by
log(IPRnpL(P<p )) log(p) + ¢, and log(IPRpL.(p>p )) ¢ (dashed and dot-
dashed lines), respectively, and the delocalization transition coupling is given as
the crossing of these two curves (vertical dotted line). Here 4, ¢, = $9.698 and

c, 8.92x 10°6,

O(1). For the sake of notation, we denote the IPR of the dominating and non-dominating
layers as IPRy. and IPRyp., respectively: IPRp.  IPR(v;) and IPRyp.  IPR(V)).
Furthermore, since A is a function of p, both, their eigenvalues and eigenvectors also
depend onp, therefore, IPR IPR(p). Consequently, by tuning p we can observe two
di erent eigenvector regimes characterized by the IPR p]: (i) layer-localized, where,
as discussed in§, 24], IPR O ! and (i) delocalized, where IPR O ' . This
statement is exempli“ed in “gure 1(a) where, without loss of generality, we consider
homogeneous layers, so we cannot observe node localization. Next, we de‘peas the
crossover point between the layer-localized and localized regimes. Thus, whgn p,
the eigenvector components are concentrated in a sub-extensive part of the eigenvector.
Such part of the eigenvector corresponds to the dominating layer. However, the density
of non-negligible eigenvector componentsorresponding to the non-dominating layer
increases with the coupling parameterp. Indeed, from “gure 1(a), we observe that
in the localized regime, p <p , the IPRes contribution of the non-dominating layer
can be characterized by a PL (i.e. a linear trend in log...log scale), that is, log(IRR.
(P<p)) log(p) + ¢ with 4. We also veri“ed that is independent ofN, while
c; iIs dependent on the system size. Moreover, in the delocalized regime> p , the states
are evenly extended and do not change anymore witlp and they are characterized by
log(IPR(p>p )) ¢, In this regime, the inter-layer connections play the major role,
while the intra-layer connections can be interpreted as perturbations. Hence, all the
nodes contribute similarly to the leading eigenvector, making it delocalized. Therefore,
the coupling p , characterizing the delocalization transition, can be de“ned as the value
of p such that IPRyp.(p<p )=IPR( p>p ). This is illustrated in “gure 1(b). With
this prescription, we were able to systematically characterize the structural transition of
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